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‘ INVERSION OF THE REMOTELY SENSED SIGNAL I

The measured radiation L can be considered as a vector in a
multidimensional space:

L=fls,,,.t.(8.6,0),(1,QU.V)]

where

A = wavelength

Syyz =X ), z position in the space (e.g. in the image)
t = time

0,,0,,0 = set of angles that define the observation-illumination
geometry (i.e the path: radiation source-observed object-
instrument)

L,O, U,V = Polarization of the measured radiation




‘ INVERSION OF THE REMOTELY SENSED SIGNAL I

The measured radiation L can be considered as a vector in a
multidimensional space:

L=fls,,,.t.(8.6,0),(1,QU.V)]

where

A = wavelength

Syyz =X ), z position in the space (e.g. in the image)
t = time

0,,0,,0 = set of angles that define the observation-illumination
geometry (i.e the path: radiation source-observed object-
instrument)

L,O, U,V = Polarization of the measured radiation







ABSORPTION
ginary Refraction Index
Y
< o
» e

Ima
=
=

(o]

[EEN

o
R
o

I \HHH' I \HHHI I \HHHI I HHHW I T T

1 HH\W

I \HHH' I \HHHI I \HHHI

,,,,,,,,,,,,,,,,

1 H\Hw

o
=

1
Wave Length jum]




=
o
o

action andex
=
N

ABSORPTION
ginary Refra
< <
» e

Ima
=
=

(o]

[EEN

o
R
o

T T T T 1 T T T]

I \HHH' I \HHHl I \HHHI I HHHW I T T

,,,,,,,,,,,,,,,,,,,,,,,,,,,

1 HH\W

I \HHH' I \HHHl I \HHHI

It

,,,,,,,,,,,,,,,,

1 \HHW

. . Lo

fos

VIS |

o
=

1




10°

action andex
=
N

=
o
A

I \HHH' I \HHHI I \HHHI I HHHW I T T

ABSORPTION
ginary Refr
<
R

I \HHH' I \HHHI I \HHHI

Ima
=
=

(o]

,,,,,,,,,,,,,,,,

1 H\Hw

=
o
=
o
O
=

1
Wave Length [um




- Strong Abso n
102 —
O

% i 2
o
- |
a
2
:
= _ \

v

'11 ¢

1000
=
a -0
3 105 Aerosol extinction i
3 10! - =
Q '\ . »
o 1072 --\\ Rayleign scattering Aerosol absorption 3
§ i, See———————a o]
T 107 — -
g N A A N

500 1000 1500 2000

Wavelength (nm)

Examples of gas absorption spectra (upper panel) and scattering extinction (lower panel) in the solar
(UV/VIS/ISWIR) range: scattering spectral dependence smoother than gas absorption one



‘ INVERSION OF THE REMOTELY SENSED SIGNAL I

The measured radiation L can be considered as a vector in a
multidimensional space:

L=fls,,,.t.(8.6,0),(1,QU.V)]

where

A = wavelength

Seyz =% ) z position in the space (e.g. in the image)
t = time

0,,0,,0 = set of angles that define the observation-illumination
geometry (i.e the path: radiation source-observed object-
instrument)

L,O, U,V = Polarization of the measured radiation




Can you
distinguish Sea Ice
from Ice Clouds?
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‘ INVERSION OF THE REMOTELY SENSED SIGNAL I

The measured radiation L can be considered as a vector in a
multidimensional space:

L=fls,,,.t.(8.6,0),(1,QU.V)]

where

A = wavelength

Syyz =X ), z position in the space (e.g. in the image)
t = time

0,,0,,0 = set of angles that define the observation-illumination
geometry (i.e the path: radiation source-observed object-
instrument)

1,0,U,V = Polarization of the measured radiation




Example of POLDER RGB composites
Intensity Polarization




Example of polarized reflectance directional
distribution as a function of vegetation type

Deciduous Barrenor
broadleafforests

Open shrublands Grasslands sparsely vegetated

10°<SZA<20°

30°<SZA<40°
Polarized reflectance (x100) at 0.865 um

50°<SZA<60°

https://www.mdpi.com/2072-4292/12/2/248
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Inversion Approaches: Ingredients @ ITIN=ERIS |

@X: State Vector: vector, of dimension n, containing all relevant variables, among
which is the searched solution, from which the measurements can depend.

@®@Y: Measurement Vector: Vector of dimension m, containing all relevant
measurements.

@®@¢,: Measurement Uncertainty Vector/array: Vector/array of dimension m/mxm,
containing the uncertainties of all relevant measurements (when array includes

also the covariance information).

®A: Ancillary data: set of known/assumed informations relevant to solve the
problem: geographycal position, time, observation/illumination geometry, relevant
geophysical variables from external data sources (e.g. climatology, forecast model).—

@F: Forward model. A model that given a geophysical scenario and acquisition
conditions (geometry) gives the expected measurement vector: F(X)=Y



Forward problem
From geophysical variables to measurements

Geophysical
Variables
Measurements
STATE VECTOR FORWARD MODEL
X 1 F(x) OBSERVATIONS
V4
X
Xcl) Yo
X5 Y1
X3 Y2
| INVERSE MODEL y
. F-i(y) "

Inverse problem
From measurement to geophysical variables



A non trivial problem

Forward model F very often not linear and not explicitly invertible: .

Measurements do not depend uniquely from the variable of
Interest

Hill posed problems: different number of observations (known) and
unknown. Possibility of different combination of solutions that
give the same result in terms of mesurements.

Uncertainites in the measurements and in the forward model

27



Inversion- Possible approaches

. Analitycal: not always possible: signal equation(s) should be analitically
inverted for all relevant variable. Generally, need assumptions/ancillary data to
handle second order effects. An estimation of the uncertainty may be obtained
from uncertainty propagation laws.

. Variational — does not requires assumptions on the set of possible solutions
(may limit their range). Numerically inefficient. Very likely the method gives an
estimation of the uncertainty.

. Regressions (including Artificial Intelligence and similar): Computationally
efficient. Need a training set. Assumptions on the functional form/structure.
May have difficulties in finding a solutions for cases not included in the training
data set. Uncertainty estimation may not be straightforward.

. Lookup Table (LUT) — computational efficiency dependent from the amount of
LUTs, Search the solution within a set of tabulated (LUT) solutions. Set of
possible solutions defined (difficulties in extrapolating). Difficult to estimate the
uncertainty of the solution

. Index (e.g. NDVI, Al) — Relatively simple because defined from the
measurements, but it does not represent a geophysical variable. It needs, for
some application, a relationship with geophysical variables.



Example of LUT-based retrieval: cloud optical thickness & particle effective radius.

Inputs to select the LUT:

, cloud top phase (liquid/ice), surface reflectance
Inputs to the LUT:
TOA reflectance @0.86 and @2.13
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Variational
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Bayesian Interpretation

The problem is set as maximizing the probability that, given a geophysical
scenario characterized by a state vector x (for ex: surface wind,

temperature and water vapour amount profiles, cloud liquid water, sea
surface temperature) the instrument measures the measurement vectory

Joint Probability = Conditional probability
/

P(x,y) =P(x | y)P(y)
P(y,x) = P(y | x)P(x)

P(x,y) = P(y, x)

32



Bayesian Interpretation

PDF of the measurement given a certain Informazione a priori sullo stato.
Status (x) includes the uncertainties due Probabilita che ci sia un dato
to the instrument precision stato indipendentemente dalla

misura (es. climatologia)

P(y | x)P(x)

BAYES THEOREM:  P(x|y) = 0

Normalization factor
(a priori PDF of the measurement)

P(y)=1



. Possiamo assumere una incertezza sperimentale con distribuzione

gaussiana (y - F(x))2>
2072

P(y | x) = Aexp (—

. Perilcaso multidimensionale a bliamo inTvece
P(y | x) = Aexp —E(y — F(x)) Cgl(y — F(x)))

. Ragionevole assumere una distribuzione gaussiana anche per
'informazione a priori sy, :Aexp<_%(x_xaycgl(x_xa)>

34



. Otteniamo la seguente probabilita a posteriori
P(x1y) = Aexp (—%((y ~F() €y~ FO)) + (&~ x) €M (x - x)))

. Noi vogliamo una soluzione, non Uintera PDF.
Dobbiamo scegliere cosa ottimizzare, es: il valore piu
probabile, minimizzare l'incertezza, massimizzare la
risoluzione

35



. MAP (Maximum A posteriori Probability)
x = maxP(x | y)

. Ilmassimo puo essere calcolato in veri modi:
. - Analiticamente (se possibile)

. - Ottimizzazione numerica for ex.: Gauss-Newton, Gradient
coniugato

. - Monte Carlo



. Nel caso non sia presente una conoscenza a priori di x, la
soluzione MAP e la stessa della ML (Maximum likelihood)

1
P(y | x) = Aexp <_§ (y — F(x))TCe‘l(y — F(x)))

. LSM (Least square method)

Cost function Y(x) = %(y —F(x) ¢y — F(x)) = min

37



. Maximum likelihood and LSM

For a linear* system for which f(x)=Kx we can write the Cost Function W(x) as:

1
V() =56 —K)'CTH(y — Kx)
Minimising W(x) gives:
VW(x) =K'C'Kx —K'C 'y =0
)
K'C'Kx =K'C™ 1y

Solving in x:
x=(K"'CTK)T'K"Cy

Valid if det (KT C~1K) # 0 and uncertainties have a gaussian distribution

. *Itis possible to linearize a non linear operator f(x) in a given interval
38



Regolarizzazione

. Nel caso di problemi mal posti non posso invertire K

V4 ki1 kiz 0 kqg X1
v, ka1 koy o kag X2
y =Kx N kz;  ksz - kap x.3
Ym kml kmz kmn Xn
100
o0 =
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agupubs.onlinelibrary.wiley.com/doi/10.1029/RG014i004p00609



https://agupubs.onlinelibrary.wiley.com/doi/10.1029/RG014i004p00609

Regolarizzazione

. Nel caso di problemi mal posti non posso invertire K

Vs ki1 kiz o kig X1

_ K v, ka1 kaz 0 Kap || X2
y = ARx | = ka1 ka2 o ksp [ X3
ym kml kmz kmn Xn

. p=m=n Well posed

. p<m=n Under and overconstrained
P = rank(K) . p=m<n Underconstrained

m = dlm(y) . p<m<n Under and overconstrained

n = dlm(X) . p=n<m Overconstrained |
. p<n<m Under and overconstrained



. In caso di funzioni non lineari possiamo risolvere
’equazione y=f(x) attraverso iterazioni basate su
approssimazioni lineari e partendo da un valore
Iniziale

. Metodo di Newton A

xPtl = xP — AxP

K,AxP = f(xP) —y K, =Vf(x) I»

xP*t = xP — KM (f(xP) — y)

41



. . V¥P(x) =0
. Vogliamo risolvere

. f(xP) = VW(xP) y=0
. Sostituiamo e

. +1 — D _
xPT5 = xP — AxP _— Normal system
ApAx? ~ V¥ (xP) Ap = V(VW () lyp= KTCT'K

_ -1
xPtl = xP — (KTCTK,) "V¥(xP) =

= xP — (KIC7K,)  KTC1(f(xP) — y)

42



Numerical method

Numerical inversion method: Newton-Gauss iteration algorithm (Rodgers, 2000)

X =y (ST TS T ) IS F (X ) =y )+ S (x,—x,))

x_First guess vector

y Measurement vector

F(x ) Radiances vector at TOA generated by x_

J Jacobi matrix, J' Transposed Jacobi matrix

SE Instrumental error Covariance matrix

Sa First guess Covariance matrix



Example of numerical experiments

Spectra of % difference first guess,

Simulated Spectrum
measurement vector  First guess 1
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Example of Jacobian (average of 40 Jacobians)
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GRASP multi-pixel

The concept of multi-pixel retrieval
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REF: The GRASP Package. An overview. - General Retrieval of Aerosol and Surface Properties



GRASP multi-pixel

Numerical Inversion i ssnREsnessnnn Ny
(multi-pixel scenario) @ = " |eeecccneeeene-
Input : f* B
i e e Normal system for i-th pixel:
- retrieved vector
for N=3 pixels A ;%;’ﬂ.:,::::zts A,'p Aaip = leip

A priori_inter-pixel

constraints:

Normal system for multi-pixel case: A, Aa® = VWP
is built using single pixel systems as:

Smoothnessd ;n [ A, 0 0 v ] -

temporal and/or spatia : 5 I \ o\ 3
Inter-pixel variability of A, 0 By O +Q""" 3V Ve +Q"'"'a e [ Z;tpf]+(a ) Qm,a
retrieved parameters a, 0 0 A, vy

-- same as in single-pixel l_. T P _o’
retrieval g et
t=t/2
E-- only in multi- pixel f

retrieval

REF: The GRASP Package. An overview. - General Retrieval of Aerosol and Surface Properties
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