@ ITIN=RIS

ADVANCED DATA ANALYSIS AND
PROCESSING TECHNIQUES

Mathematical analysis of Feed-Forward Neural Network

* Michela Sammartino & Lorenzo Della Cioppa

IR0000032 - ITINERIS, Italian Integrated Environmental Research Infrastructures System
(D.D. n. 130/2022 - CUP B53C22002150006) Funded by EU - Next Generation EU PNRR- nzi

Mission 4 “Education and Research” - Component 2: “From research to business” - Investment - da"ge:';::o:;fpea
3.1: “Fund for the realisation of an integrated system of research and innovation infrastructures”




Introduction to Feed Forward Neural Network @ITIN=ERIS

® Feed forward neural networks are supervised artificial neural networks in which nodes do not form loops. This type of
neural network is also known as a multi-layer perceptron (MLP) as all information is only passed forward

® MLP are the most popular neural networks, applied to a wide scientific problems that can easily manage non-linear
system and a huge amount of data

® They can learn the functioning of a scenario, running for a specific time, adapting to its internal structure.

® They are intended as non-linear and non-parametric models that look for a relationship among data.

® They can be used both for regression or classification problems

® A different approach from the modelling one, able to find the non-linear functional relationship among the variables,
exploiting the numerical way and ignoring a priori assumption of suitable function or algorithm.

@ |t has to extract the input-output relation solely from the examples presented, which together are implicitly assumed to
contain the information necessary for this relation. The relationship between problem (input) and solution (output)
may be quite general


https://www.turing.com/kb/importance-of-artificial-neural-networks-in-artificial-intelligence

The base structure of a Feed-Forward Neural Network Hdden @ ITINSRIS

® The base structure of a FFNN includes different layers
divided in:

® Input layer: The neurons of this layer receive input
and pass it on to the other layers of the network. The
number of co-predictors used for the prediction match
the number of neurons in the input layer.

® Hidden layer: Input and output layers get separated
by hidden layers. Depending on the type of model,
there may be several hidden layers.*

@ Output layer: According to the type of model getting
built, this layer represents the forecasted feature.

Network designed by using the tool at https://alexlenail.me/NN-SVG/

*(conventionally defined as Deep Neural Network when that are many layers deep, meaning there are many layers in between the input and output layer.



The base structure of a Feed-Forward Neural Network @ITIN=ERIS

@ Neurons: Neurons function in two ways: first, they
create weighted input sums, and second, they activate
the sums to make them normal.

® Weights: Neurons are connected by weights. No
lateral connection between nodes within one layer, or
feedback connection(s) are possible.

Principal goal: create a generalized system to retrieve the output value from input data, minimizing the error between
(Output — Output,, )

estimated




How does it work? — Error Backpropagation algorithm @ ITIN=ERIS

[ Input pattern } DATA [ Output pattern }

Calibration
system

[ Output estimation } [ Comparison }

BPN Backpropagation Neural Network

adapted from Lek and Guégan, 2000

Backpropagation (Backward Propagation of
Errors) is the fundamental algorithm used to
train artificial neural networks by adjusting
the model’s weights based on the error
obtained from predictions. It uses gradient
descent to minimize the loss function.

The conceptual basis of the back propagation
algorithm was first presented in 1974 by
Webos, then reinvented by Rumelhart et al.
(1986).

Extract the input-output relation solely from
the examples presented, which together
implicity contain the information for this
relationship.

If the network gives the wrong answer, then
the weights are corrected so that the error
lessens.



‘raining phase @ITIN=ERIS
STEP 1
Forward-propagation
Compute prediction

A set of input-output values is presented to the network
iteratively. After a specific number of iterations, the training is
stopped and the performance of network is tested.

STEP 2
Backward-propagation
Update the weights

The output is compared with the target value and the error is

calculated. This led to change the weights moving from output layer
backward to hidden layers.




Forward-Propagating Step
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*weights contain the knowledge of the neuronal network about the
problem solution relationship.

@ITIN=RIS

Input data x, is passed through the neural
network.

Each neuron computes the weighted sum: a
Apply an activation function to a; to compute
the output

*INPUT x,

* WEIGHT w;

* INPUT COMBINATION
» ACTIVATION FUNCTION x;
* BIAS 6,

The artificial neuron receives many inputs, but
only a single output, which can stimulate many
other neurons in successive layer.

Positive weight= excitatory
Negative weight= inhibitory




Types of Activation Function

@ITIN=RIS

Once the activation of the neuron is calculated, we can determine the output value (i.e. the response) by applying a
transfer/activation function

Sigmoid

o(z) =

14e—*

tanh
tanh(x)

RelLU
max (0, x)
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from Shruti Jadon (Medium website)

1

Xj :f(af) — 1+e %

The inputs are usually scaled
between [0,1] or [-1,1] interval
before feeding the network



Backward-Propagating Step (1) ®ITIN=ERIS

OUTPUT LAYER ==ssss)p HIDDEN LAYER

@ Compare the output pattern to the target value

@ Calculate the error value: the difference between the predicted output
and the actual output is calculated using a loss function.

® This error is passed backward through the network. Change the
incoming weights staring from output toward the hidden layer.

1
— % _ ] 2
Et 5 ZjEC(OUttarget Outestlmated)

t=n. iteration

C=n. of neurons of the
output layer

M=n. of pattern

: p=0 dataset
[ Amount of Output Error for each input ]




BITIN=SRIS

OUTPUT LAYER =sssssp HIDDEN LAYER

Minimize the error following the Optimizer* method

This is where the “learning” occurs. Using this error, we calculate the gradients of the
error with respect to our weights and biases.

This phase computes how much each weight contributed to the error and adjusts them
accordingly using gradient descent.

oF
OW(o—n)

Output layer:
we have an output,,...and
we compare it to the

OUPU s O the NN Oout = f ,(ao)(Otarget_Oestimated)

Hidden layer:
we have not an output of
reference to compare to
the hidden layer output

* Gradient descendent (GD), SGD, Adam)

Error gradient for
the output layer




®ITIN=RIS

HIDDEN LAYER ==ssss) INPUT LAYER

= 2 Soutw(out—hidden)] f, (Ahidden)

out

Error grad:ent for Hidden} { Minimization of the Error J
ayer

AVV(out—hidden) = NPoutOnidden

AW(hidden— input) = 1] 5hidden Oinput

[ Variation of connection weights ]




BITIN=SRIS

HIDDEN LAYER ==ssss) INPUT LAYER

Learning rate
It controls the Step Size in Weight Update, directly influencing how quickly or slowly the model learns.

O<n<1

High n === instability & unsatisfactory learning
LOW 1 s excessively low learning

AVl/(out—hidden) = MNPoutOnidden

AI/V(hidden— input)= 1 Ohidden Oinput

[ Variation of the connection weights ]




B ITINSRIS
W(out—hidden) (t+1) = W(out—hidden) (t) + AVl/(out—hidden) (t)

[ Update of weights ]

W(hidden—input) (t + 1) — W(hidden—input) (t) + AVl/(hidden—input) (t)

Wiout—niaden)(t + 1) = Wiout—nidaen) (t) + AWiout—nidaen) (t) + AW oue—niggen)(t — 1)
W(hidden—input) (t + 1) — W(hidden—input) (t) + AI/I/(hidden—input) (t) + aAW(hidden—input) (t - 1)

Error Momentum
Local O<a <1
Minimum A!°s,°|"ie To get out of the local minima
Minimum

The momentum term helps to incorporate a fraction of the
previous weight update in the current weight update:

1. Accelerate convergence in the direction of consistent
gradients

2. Reduce oscillations in the weight updates

weights




Overtraining or Overfitting of Network

If overtrained, the network has a good memory in the detail of data

It loses the capacity to generalize

bt

To avoid this

The number of epochs

The number of hidden layers

The number of hidden neurons

Regularization strategies (earlystopping/dropout)

@ITIN=RIS



How to avoid overfitting ®ITINERIS

* Early stoppingis aregularization technique used in machine learning to prevent overfitting
The training is stopped when the model’s performance on a validation dataset starts to deteriorate

1.Monitor Performance: Track a validation metric (e.g., validation Error
loss, accuracy) during training.

2.Define a Patience Parameter: Set a number of epochs to wait

before stopping if no improvement is seen. Optimal

stopping zone

3.Stop Training: If the validation performance does not improve for a
specified number of epochs, training is halted.

4.Restore Best Weights (Optional): Some implementations restore
the model to the best-performing state before stopping.

Benefits of Early Stopping:

*Prevents overfitting by stopping before the model memorizes noise.
*Saves computational resources by reducing unnecessary training.
*Enhances generalization to unseen data.

Early

stopping Validation

- -
-
—
-~
—
-

—

1---""" Training

Limitations:
*Requires careful tuning of patience and monitoring metrics.
*May stop too early if training dynamics are not well understood.

Number of iterations or hidden nodes

adapted from Lek and Guéegan, 2000



Advantges in using Artificial Neural Network @ ITIN=ERIS

@ Able to generalize

® Dynamic behaviour

@® Able to reproduce a non linear system

@ Able to classify complex patterns

@Useful for both regression and classification problems




Disadvantges in using Artificial Neural Network

® The dimension of the dataset can have an impact on network
performances

® We cannot know a priori the perfect NN configuration, therefore
we must test it!

® Each run will give different weights with respect the previous one,
at each run we have a different configuration

® Sometimes it is considered like a black box and therefore it moves
away the eventual users

@ITIN=RIS




Some examples of ANN applications in marine sciences @ITINERIS

@ ANNs were applied to:

® Sea level prediction (Roske, 1997)

@® Ocean salinity (Chen and Hu, 2017)

@® Wave prediction (Ducournau and Fablet, 2016)

@® Storm surges and extreme sea level heights (Sahoo and Bhaskaran, 2019).

@® Surface currents (Sinha and Abernathey, 2021).

@® Vertical profiles of chlorophyll-a from surface ocean data (Sammartino et al., 2020, Chen et al. 2022b)
@® Primary production of phytoplankton (Scardi 1999, Mattei et al., 2018) |

@ Vertical bio-optical and bio-geochemical variables from Bio-Argo data combined with satellite measurements (Sauzede
et al., 2015, 2016)

@® Water-column nutrients from satellite and BCG-Argo measurement (Sauzede et al. 2017)

Most of these references are taken from Tao Song et al., 2023 (Review)
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Introduction to Recurrent Neural Networks @ ITIN=RIS

® Recurrent Neural Networks (RNNs) are a type of neural network architecture which is mainly used to

detect patterns in a sequence of data

® What differentiates Recurrent Neural Networks from FFNNs/MLPs is how information gets passed
through the network.

FFNN pass information through
the network without cycles/the
RNN has cycles and transmits
information back into itself.

Output O Output O,
1 Wi Wi T |
Hidden Layer H Hidden Layer H;
Win
T th th T T
Input X Input X,
Feedforward Neural Network Recurrent Neural Network

Figure 1: Visualisation of differences between Feedfoward NNs und Recurrent NNs

From Robin M. Schmidt, 2019



Disadvantages of RNNs

®Vanishing & Exploding Gradients

@ITIN=RIS

* The vanishing gradient problem in RNNs occurs because, as the gradients are propagated backwards
through time, they can become very small due to the repeated multiplication of gradients in each time

step.

* If there are small values (< 1) in the matrix multiplication this causes the gradient to decrease with
each layer (or time step) and finally vanish = low/zero contribution of states from earlier time

» If there are large values (> 1) during matrix multiplication = the gradient explodes

® One solution to avoid the Vanishing was
the introduction of Long Short-term
Memory units (LSTMs)
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https://medium.com/@muradatcorvit23/unlocking-the-power-of-lstm-gru-and-the-struggles-of-rnn-in-managing-extended-sequences-05879b6899d3


https://medium.com/@muradatcorvit23/unlocking-the-power-of-lstm-gru-and-the-struggles-of-rnn-in-managing-extended-sequences-05879b6899d3

Introduction to LSTMs @ ITIN=ERIS

® LSTM is a type of RNNs able to process and analyse sequential data such as time series, text and
speech (tasks where the step t is dependent on what happens in step t-1)

@ LSTM are used in several application, e.g. for speech recognition or time series forecasting
@ They were introduced by Hochreiter & Schmidhuber (1997)

@ LSTM solves the vanishing gradient problem that traditional RNNs face by using special memory
cells and gating mechanisms

Forget gate Output gate
i b Cr-1 ) ) A L S
), ”
I tanh
00 Ry I N | ®
o a tanh a
hf_l h‘l’ -
L o - " "‘J
RNN X Tt Input gate LSTM Adapted Img. from

https://taketake2.com/P56_en.html


http://www.bioinf.jku.at/publications/older/2604.pdf

LSTM memory units @ ITIN=RIS

® An LSTM unit consists of three main gates, that control the flow of information through the LSTM cell,

allowing it to decide what to remember, what to forget, and what to output and allow to control the flow of
gradients through time addressing the vanishing gradient issue.

® FORGET GATE: Determines which information to discard Forget gate Output gate
from the previous hidden state and the current input. By
using a sigmoid activation function, it generates values - ~
between 0 and 1, representing the proportion of data fil (%) @ Gt o
retained in the cell state. I tanh
® INPUT GATE: Determines which new information should 4
be incorporated into the cell state. It consists of two () (X)—T
components: a sigmoid activation function that selects 1
the values to update and a tanh activation function that o || a tanh g
generates new candidate values for the cell state. Re-1 he
® OUTPUT GATE: Determines the data to be presented as the = J
LSTM cell’s current output. It processes the updated cell Xt 1 LSTM
state along with the current hidden state to produce the Input gate

final output.

Adapted from Img. from
https://taketake2.com/P56_en.html



LSTM memory units functioning @ ITIN=RIS

® STEP 1: What information to throw away from the cell state (Forget gate).

Forget Gate

what information from the previous cell state @ @ @
(C,;) should be discarded, retaining the ' s .
fraction to be combined with the cell state. ~+—C} - .
&
[ $ D,
A A

Cy_, Cy T’ i P

% > | ! T I[ | 7 Il ta[n lll (I’ | R

| % $ $ |

Input Gate Output Gate

SCALER

Topres

By Steve Jerome Lawrence

* 0 means "completely forget" the
corresponding information in the cell state.

fr =0 (Wy-lhi—1, 2] + by)

* 1 means "completely retain" the
corresponding information in the cell state.

* Values in between represent partial retention.

LSTM Cell ( Source — http://colah.github.io/posts/2015-08-Understanding-LSTMs/)

It uses the current input (x,) and the previous hidden state (h,_,)
to compute a forget gate activation vector (f,).



LSTM memory units functioning @ITINERIS

® STEP 2: What new information to store in the cell state (Input gate).
The input gate works in conjunction with the candidate cell state ( C, ;) to update the cell state.

1. Input Gate Activation
Decides which parts of the candidate cell state
(C;) should be added to the cell state

It = O (W? [ht—l: ilft} + b?l) 2. Candidate Cell State

=~ Represents the new information that could
t — -
Ct — tanh(WC [ht— 1, xt] + bC) potentially be added to the cell state.

T *tanh layer creates a vector of new candidate values C~'t, that could be added to the state.
T

C . C, The input gate is crucial for incorporating
—(x) () > new information into the cell state while
preserving relevant information from the

sz if,r-% Cy = fixCiq1 + 14 % C past.

LSTM Cell ( Source — http://colah.github.io/posts/2015-08-Understanding-LSTMs/)



LSTM memory units functioning B ITIN=2US
@ STEP 4: Compute the output. It will be based on a filtered version of the cell state

The output gate ensures that the LSTM cell provide only the relevant information to the next layer or time step.

Forget Gate

-0 ? S
A A

|6 F’

(o ]| o J[tann]o ]
O, = 0 (WO [ht_l,ﬂ?t] -1 bo) | ~ [ e S—" | I
hi|= o¢ * tanh (C}) O O )
1 Sjc’o}tz By Steve Jerome

Lawrence

LSTM Cell ( Source — http://colah.github.io/posts/2015-08-Understanding-LSTMs/)

1. Output Gate Activation: Decides which parts of the updated
cell state (C,) should be output as the hidden state (h,).

2. Hidden State: The final output of the LSTM cell for the
current time step.



Limits of LSTM networks
® Gradient Explosion

@ITIN=RIS

* Even if LSTM can avoid the vanishing gradient, in specific cases, this network can suffer from gradient explosion due
to a large gradients that can occur during backpropagation (e.g. very long input sequences/initialization of large

weights)

@ Limited Contextual Information

* LSTMs can capture dependencies over longer sequences than simple RNNs, but they still have a limited context

window.

¢ Complexity and Training Time

* A higher complexity can lead to longer training time and computing cost

®0verfitting

e LSTMs are prone to overfitting when
training data is limited, but regularization
methods like DROPOUT can help reduce this
risk

AR/

Training time

https://primo.ai/index.php?title=Dropout
Source: chatbotslife

From Srivastava et al., 2014

(n W

a) Standarc

Neural Net (b) After applying dropout.

DROPOUT: random exclusion of a
specific % of nodes during the training


https://primo.ai/index.php?title=Dropout

Some examples of LSTM applications in marine sciences  @ITINERIS

@ Sea Surface Height (SSH) prediction (Song et al., 2021; 2020)

@ Currents, sea level, and even ENSO phenomenon (Broni-Bedaiko et al., 2019; Ishida et al., 2020; Zulfa et al., 2021)
@® Chlorophyll-a concentrations (Cho and Park, 2019; Rostam et al., 2021; Cen et al., 2022)

@ 3D Temperature, Salinity and Steric Height from satellite observations (Buongiorno Nardelli, 2020)

@ Sea Surface Temperature prediction from LSTM integrated with MLP (Jahanbakht et al., 2021)

Most of these references are taken from Tao Song et al., 2023 (Review)
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Two reference works

. remote sensing
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Abstract: Remote sensing data provide a huge number of sea surface observations, but ca
give direct information on deeper ocean layers, which can only be provided by sparse in situ
The combination of measurements collected by satellite and in situ sensors represents one o
most effective strategies to improve our knowledge of the interior structure of the ocean ecosys
In this work, we describe a Multi-Layer-Perceptron (MLP) network designed to reconstruct th
fields of ocean temperature and chlorophyll-a concentration, two variables of primary importanc
many upper-ocean bio-physical processes. Artificial neural networks can efficiently model eve
non-linear relationships among input variables, and the choice of the predictors is thus cruci
build an accurate model. Here, concurrent temperature and chlorophyll-a in situ profiles and se
different combinations of satellite-derived surface predictors are used to identify the optimal
configuration, focusing on the Mediterranean Sea. The lowest errors are obtained when takii

FFNN MDPI|

@ITIN=RIS

LSTM

remote sensing

Letter

A Deep Learning Network to Retrieve Ocean

Hydrographic Profiles from Combined Satellite and
In Situ Measurements

Bruno Buongiorno Nardelli'

Consiglio Nazionale delle Ricerche, Istituto di Scienze Marine (CNR-ISMAR), 80133 Naples, Italy;
bruno.buongiornonardelli@cnr.it

check for
updates

Received: 5 September 2020; Accepted: 24 September 2020; Published: 25 September 2020
Abstract: An efficient combination of remotely-sensed data and in situ measurements is needed
to obtain accurate 3D ocean state estimates, representing a fundamental step to describe ocean
dynamics and its role in the Earth climate system and marine ecosystems. Observations can either
be assimilated in ocean general circulation models or used to feed data-driven reconstructions and
diagnostic models. Here we describe an innovative deep learning algorithm that projects sea surface
satellite data at depth after training with sparse co-located in situ vertical profiles. The technique is
based on a stacked Long Short-Term Memory neural network, coupled to a Monte-Carlo dropout
approach, and is applied here to the measurements collected between 2010 and 2018 over the North
Atlantic Ocean. The model provides hydrographic vertical profiles and associated uncertainties
from corresponding remotely sensed surface estimates, outperforming similar reconstructions from
simpler statistical algorithms and feed-forward networks.

Keywords: artificial intelligence; machine learning; deep learning; neural networks; Earth
observations; ocean dynamics; sea surface temperature; sea surface salinity; altimetry; hydrography




Two reference works @ ITIN=ERIS

Arlicle Letter

An Artificial Neural Network to Infer the A Deep Learning Network to Retrieve Ocean
Mediterranean 3D Chlorophyll-a and Temperature =~ Hydrographic Profiles from Combined Satellite and
INPUT In Situ Measurements
B (663) [T(1),5(1), SH(D)] (T(2),5(2),SH(2)] (T(2),5(2), SH(2)] [T (m), S(m), SH(m))
» ® ® ® ®
Day?2 (sin) OUTPUT aly [ £ e e e ]g?
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different combinations of satellite-derived surface predictors are used to identify the optin
configuration, focusing on the Mediterranean Sea. The lowest errors are obtained when] Buongiorno Nardelli, 2020 SRS atcudylongliate day i StaCked LSTM




Creation of a dataset

Two main factors affect the prediction performance of the

models:

1) dataset optimization
2) parameter optimization.

The creation of a reference quality-controlled database ensures a

correct training/validation of the network,

The introduction of strange behavior in example time sequences

or patterns can lead to a wrong answer.

@ITIN=RIS

COMPLETENESS
Is all the required
data present?
UNIQUENESS ACCURACY

Are all features How well does
unique? the data reflect

reality?

VALIDITY TIMELINESS

Is the data Is the data
valid? up to date?

CONSISTENCY

Is the data
consistent?



Exercise @ ITIN=RIS

@ INPUTS
* Day of the year (sin/cos transformed)
* Latitude
* Longitude
* Surface Temperature, T(0)
* Surface Salintiy, S(0)
* Surface Chlorophyll, Chl(0)
* Absolute Dynamic Topography (CMEMS product)
* Geostrophic velocities (U and V)

Al model

¥

4DMED-sea ® OUTPUTS

i, * Vertical profile of Temperature
. ./EE * Vertical profile of Chlorophyll
?/l%_,



How to implement a neural network @ITINERIS
@ 1. Data Preprocessing

* Split Data: Divide data into training, validation, and test sets.

Normalize Inputs: Scale input features to a common range (e.g., [0, 1] or [-1, 1]) to improve convergence.

@ 2. Define the Neural Network Architecture
* Choose the number of layers and neurons.

» Select activation functions (e.g., ReLU, Sigmoid, Softmax).
* Define input and output dimensions.

@ 3. Compile the Model

* Select a loss function (e.g., MSE for regression, Cross-Entropy for classification).
Choose an optimizer (e.g., Adam, SGD).

Define evaluation metrics.

@ 4. Train the Model
* Specify batch size and number of epochs.
Implement early stopping to prevent overfitting.

@ 5. Evaluate the Model

Use test data to assess generalization performance.
Compute accuracy, loss, or other metrics.
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