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Decompose a function f(t) (that satisfies certain
conditions) into a sum of an infinite number of
sinusoidal terms
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1) f(t) must be a periodic function: f(t) = f(t+nT), where T is the
period

2) f(t) must be a continuous function (at least piecewise
continuous), with a finite number of discontinuities of finite entity

3) f(t) must contain a finite number of maxima and minima

4) The integral f|f(t)|dt must have a finite value



Amplitude

f(t) periodic function composed by three sinusoids
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If f(t) Is a periodic function: f(t)=f(t+nT)

f(t)= C;O+Za cos(w t)+b sin(w t)

n=1
- 2nn
with: o= T
7 T/2 7 T/2
a,= | f(t)cos(w,t)dt = 4= | f(t)de

—T/2

T/2

b,== | f(t)sin(w,t)dt

—T/2
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if f(t) is an integrable function a_ e b =0 for n=w

Given a function f(t): f(t) ®a,eb,
One period of f(t) is (—T/2,T/2), (0,T), (=T,0)...
sufficient:
w depends only from the 0 = 2nn
period T: M T
_ 27
w1 IS the W =—
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f(t)=%+2 C,cos(w,t+¢,) %
n=1

C. =1 d+b> Amplitude spectrum  (**)

¢, = arctan (— ﬁ) Phase spectrum (F+%)

n

(*) demonstrates that the Fourier series decomposition of the function f(t) corresponds
to sum an infinite co-sinusoidal terms (called ) to its mean value ao/2. These
co-sinusoids are at frequencies multiple of the fundamental frequency 1/T and have

appropriate amplitude C,, and phase @

Equations (**) and (***) give the amplitude and phase of each harmonic, i.e. of each
frequency that composes the function f(t)

The ensemble of this information gives respectively the and the
of the function f(t) which define unambiguously f(t)
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From Euler's formula;

cos(w t)=(e/*"'+e’™)/2 sin(w t)=—j(e’" —e7*")/2

the Fourier series can be written as:

f(t)=) F,e"
with
q T/2 |
Fn:? f f(t)e ' dt



Now consider non periodic function, or
periodic function where the period T is T =00
extended towards infinity

27N
N =—— =
" T
1 T/2 00
F=r [ floe’™de = Flo)=] fld)e’"d
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F(w) In general will be a complex number:
Flo)=a(w)-jb(w)

We can write




Im {x(t)}
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Im {x(t)}

Sum and subtraction of
vectors (parallelogram law)

sin(2se foi)

2cos(2mft) = exp(j2mf, t)+
exp(—j2mf,t)

2j sin(2nf,t) = exp(j2nf,t)-
exp(—j2mf,t)
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Sinusoids ' Amplitude Spectra  Phase Spectra
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1) Co-sinusoid at 12.5 Hz zero phase
2) Co-sinusoid at 25 Hz zero phase
3) Co-sinusoid at 12.5 Hz -90° phase
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f(t) = seismic wavelet
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Example: generic wavelet @ ITIN=SRIS

Amplitude and Phase spectra
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seismic trace in time : and its frequency spectrum
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o0

Direct Fourier

S(f):f S(t)e_jznftdt Transform

—Q0

o0

Inverse Fourier

5<t):f S(f)ejznftdf Transform

—Q0

S(f) and s(t) Fourier Transform pairs if

s(t) < S(f)



®ITINSRIS
1) : a151(t)+a252(t) Y a151(f)+a252(f)

2) : s(—t) < S(—f)
s*(t) < S"(—f)

If s(t) is real: S(f)=S"(—f)

l.e., real part and modulus are even functions, imaginary part and
phase are odd functions (complex conjugate symmetry)

If s(t) isreal and even = S(f) is real and even

If s(t) Is real and odd = S(f) is imaginary and odd



3) : S(O)zzs(t)dt

4) it s(t) < S(f)
en  S(—t) < s(f)
5) s(at) < ﬁS(é)
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6)

7)

8)
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s(t—t,) < S(f)e """

s(¢)e”*™" < S(f—f,)

ds(t)

- < J2nf S(f)

tS(t) — EJJ'E dsdgf)

Derivative of order n:

d"s(t)

dt"

o (znpps() sl o (G 0
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9) =

o0

J x(x)h(t—7)dv < X (f)H(f)

—0o0

9) Is a very useful properties to evaluate the response of
a LTIl system

10) =
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12) . From Parseval theorem for x(t)=h(t):

||
°—a

E (t)Pdt = f|x (F)df

E Signal energy

I X(f)°df  Represents the signal energy in an
Infinitesimal interval df

1 X () is called:
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Note: due to the Duality Property of the Fourier Transform, which relates to the fact that the direct and
inverse equations look almost identical except for a factor of 1/T and for a minus sign in the exponential
in the integral, the Fourier transform of the Fourier transform is proportional to the original signal reversed
in time. That is whenever we have a transform pair, there is a dual pair with the time and frequency
variables interchanged.

E.g. a boxcar function in time yields a sinc in frequency and vice-versa

4 s(0) s(f) A aT
A
«>
3T 2T 2T 3T
| |
T2 T2 4 T T ¢
S(t) A
A b
F=1/T
3T 2T 2T 3T
|
T | T { F/2 F2 1
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The significance of the Phase Spectrum: Temporal shift <+—> Phase rotation
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The significance of the Phase Spectrum: Phase shift <—> Shape change
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Rotation and Shift of the Phase Spectrum
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Short time signals have a wider frequency band than long wavelets
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Shorter wavelets are composed by more harmonics (here all the harmonics
are cosines, that is zero-phase harmonics)
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Two harmonic signal with @FTIN=RIS
exponential decay (blue):
H F1=20Hz; F2=60 Hz
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+ o Figure 6 & @
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Red: filter response in frequency domain
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